Abstract. We find a regular deformation retraction n,r (K): Idem n,r (K) → G n,r (K) from the manifold Idem n,r (K) of idempotent n × n matrices with rank r to the Grassmannian manifold G n,r (K) over K the reals, complex numbers or quaternions. Then we derive an injection
Introduction
An old question in algebraic topology asks [1] which homotopy classes of maps of spheres contain a polynomial representative? Wood [12] has shown that every element in the cyclic infinite homotopy group π n (S n ) of the n-dimensional Euclidean sphere S n corresponding to the integer k can be represented by a homogeneous polynomial (over integers) with degree |k| provided that n is odd. As was observed in [13] , from the homotopy point of view, nothing is lost by complexifying this problem. More precisely, the complex variety S n C defined as the locus of complex points (z 0 , . . . , z n ) satisfying the equation z 2 0 +· · ·+z 2 n = 1 deforms onto the sphere S n . Then Cherenack [7] shows that every Brouwer degree on the sphere S 2 can be represented on S 2 C by a complex-valued polynomial map. The main result in [13] provides a constructive link between real-valued homogeneous maps of spheres and nonhomogeneous maps of their Zariski closures in affine complex spaces. In particular, it is deduced in [13] that every element in π n (S n ) can be represented by a complex-valued polynomial map of the variety S n C for all n 1. On the other The second author was partially supported by a DGI and FEEDER grant 2001-1825. hand, from results presented in [3, 5] it follows that every element in π n (S n ) can be represented by a real-valued regular map of the sphere S n for all n 1. Algebraic representative of homotopy classes of maps from products of algebraic varieties into spheres have been extensively studied in, e.g., [4, 6, 9] . This paper grew out of our attempt to study Wood's works [12, 13] and tends to find a 'bridge' between the results presented in [3, 5] and [12, 13] , and solve partially some problems stated in [13] on representing elements in π n (S n ) by homogeneous polynomial maps, in the case n is even.
Section 1 lays backgrounds necessary in the sequel. First, we show (Proposition 1.2) that the tangent bundle TG n,r (K) to the Grassmannian manifold G n,r (K) is diffeomorphic to the complex variety Idem n,r (K) given by idempotent matrices for K being the field of real numbers R, the complex numbers C or the skewfield of quaternions H. This result is probably known to some experts but it seems that no proof appears in the literature. In particular, an analytic manifold structure on Idem n,r (R) studied, e.g., in [8] might be deduced. Then we derive that the projection map from that tangent bundle can be realized by a regular deformation retraction n,r (K): Idem n,r (K) → G n,r (K) . In particular, a homotopy equivalence BO → BGL between the classifying spaces of the group of orthogonal matrices and the general linear group can be established.
In Section 2 we make use of those results to prove the following theorem.
THEOREM 2.2. Let V ⊆ R n and V C its Zariski closure in the affine space C n . If the inclusion map V ⊆ V C is a homotopy equivalence then the map n,r (K):
from the sets of homotopy classes of complex-valued polynomial to such a set of real-valued regular maps.
In particular, we find a regular deformation retraction γ 2,1 (C):
Then we deduce such an injection for V a product of spheres S n 1 ×· · ·×S n k . Furthermore, we generalize key Wood's construction from [13] , present another approach and list complex-valued polynomial maps S 2 C → S 2 C with any Brouwer degree. Thus, an isomorphism
of infinite cyclic groups is established via the regular map γ 2,1 (C): S 2 C → S 2 . Wood [13] has asked on homogeneous polynomial representative of elements in the homotopy group π n (S n ) provided that n is even. At the end, we show that every nonzero even Brouwer degree on the sphere S n (resp. S n C ) with even n cannot be realized by a real-valued (resp. complex-valued) homogeneous polynomial selfmap. Now we are able to prove that any self-map of the sphere S 2 given by real or complex polynomials with global degrees at most two has Brouwer degree −1, 0 or 1. The details will be presented in a forthcoming paper.
By virtue of [2] , the set of all regular maps from S n to S k is dense in the space of all smooth maps between these spheres, for k = 1, 2 or 4 and any n 0. Segal [10] has shown that the inclusion map of the space of holomorphic maps of degree d from the Riemann sphere CP 1 to any complex projective space CP n into the space of all continuous maps of the same degree is a homotopy equivalence through a range that increases with d. Given a field K and an ideal I in the polynomial ring K[X 1 , . . . , X n ], it could be shown that the set P K (V, V (I )) d of all polynomial maps of degree d from any subset V ⊆ K m to an affine variety V (I ) ⊂ K n forms an affine variety as well. Therefore, the problem to relate the variety P K (V, V (I )) d with the space of all continuous for K the reals or the field of complex numbers arrives.
Preliminaries
Let K be the field of real numbers R, the complex numbers C or the skew-field of quaternions H. In the sequel, we identify any n × n matrix ϕ with a Kendomorphism K n → K n of the K-vector space K n endowed with the standard basis. We say that a matrix ϕ is Hermitian (resp. idempotent) ifφ = ϕ t (resp. ϕ 2 = ϕ), where − and t is the conjugation and transposition operation, respectively. Write V n,r (K) for the Stiefel manifold of orthonormal r-frames in K n . To analyze the tangent space T ϕ V n,r (K) at a point ϕ, consider the set M n,r (K) of all n × r matrices over K. Then ϕ is in V n,r (K) if and only if ϕ is in M n,r (K) withφ t ϕ = I r , where I r is the identity r × r matrix over K.
and, since both vector spaces have the same dimension, one gets
Observe that the Grassmannian G n,r (K) of r-planes in K n can be identified with the idempotent and Hermitian n × n matrices over K with rank r. But, for any idempotent n × n matrix over K, its rank coincides with the trace. Consequently, G n,r (K) can be viewed as a real affine variety. Consider the submersion
We claim that the tangent space
Finally, again by the dimension argument, one gets
Therefore the tangent bundle of G n,r (K) is given by
Observe that γρ + ργ = ρ implies γργ = 0. Let now
Then G r (K) (resp. G(K)) can be identified with the idempotent and Hermitian of rank r (resp. idempotent and Hermitian) matrices in M(K). Moreover, observe that G r (K) (resp. G(K)) is one of the standard classifying spaces BO(r), BU(r) or BSp(r) (resp. BO, BU or BSp) for K being R, C or H. Furthermore, one can derive
Let Idem(K) (resp. Idem r (K)) be the subset of M(K) given by all idempotent (resp. idempotent with rank r) matrices and let rk(ϕ) denote the rank of a matrix ϕ. Write Idem n,r (K) for the set of all idempotent n × n matrices with rank r. Proof. Given a matrix ϕ in Idem(K) we may assume that ϕ is in M n,n (K) for some n 1. We prove that the endomorphism ϕ +φ
Applying ϕ and using the idempotency of ϕ we get ϕφ t v = 0. This impliesv t ϕφ t v = 0 and then one gets ϕ t v = 0 and in the same way ϕv = 0 as well. Therefore, v = ϕv +φ t v = 0 and consequently the matrix ϕ +φ
one obtains ϕψ = ψ, ψϕ = ϕ and ψ = ϕ provided that ϕ is also Hermitian. Furthermore,ψ t = ψ and ψ 2 = ψ, so ψ is Hermitian and idempotent as well.
Suppose now that n × n matrices ψ 1 and ψ 2 satisfy the properties above. If ψ = ψ 1 − ψ 2 then ψϕ = 0 and ψφ t = ψ. Therefore
and, consequently, ψ = 0.
Now we are in a position to state the result.
is a well-defined homeomorphism and restricts to homeomorphisms
Proof. If (γ , ρ) is in TG(K) then γρ + ργ = ρ and so γργ = 0. Thus
and, hence, γ γ = γ ρ γ + γ γ . Thus γ ρ γ = 0 and, consequently, γ = γ γ . Similarly one gets γ = γ γ . Hence
and then γ = γ . Therefore we have γρ = γρ and ργ
For a matrix ϕ in Idem(K), by Lemma 1.1 there is a Hermitian and idempotent matrix ψ with ϕψ = ψ, ψϕ = ϕ and ψ = ϕ provided that ϕ is also Hermitian.
Define the map (K):
for any ϕ in Idem(K). It is a routine to check that (K) is well defined, restricts to maps
and (K) is the inverse to (K).
We point out that from Proposition 1.2 an analytic manifold structure on Idem n,r (R) studied, e.g., in [8] is derived. Set I for the unit interval. Then the proof of this proposition yields that the map H :
for ϕ in Idem(K) and t in I with ϕψ = ψ, ψϕ = ϕ is a retracting deformation. Thus, we may state the following corollary.
is a deformation retraction and restricts also to deformation retractions
Observe that any matrix ϕ over quaternions H can be written uniquely as ϕ = ϕ 1 + ϕ 2 j, where ϕ 1 and ϕ 2 are matrices over the complex number C. Furthermore, the following holds.
well-defined inclusion and restricts to inclusion maps
and F n,r : Idem n,r (H) → Idem 2n,2r (C).
(2) The mapF : TG(H) → TG(C) given bỹ
is a well-defined inclusion and restricts to inclusion maps
are the maps defined in the previous proposition.
Let now K be the field of real numbers R or the field of complex numbers
where f 0 has all monomials with even degree and f 1 with odd
Thus, we may assume that all monomials of the given polynomial f have either even or odd degree. Multiplying all monomials of f by an appropriate power of X 2 0 + · · · + X 2 n , we may also assume that f is homogeneous of degree d and vanishes on both varieties
But the field K is infinite, so the polynomial f is trivial and the proof is complete.
Therefore the complex sphere S n C is the Zariski closure of S n R . But this closure preserves Cartesian products so S
R in the affine space C n 1 +···+n k +k . Now we list some properties of spheres over K useful in the sequel and outline some ideas of their proofs. If a point
is the required idempotent matrix in Idem 2,1 (C). Conversely, given a matrix
Then
and the point (( 
Proof. To show the uniqueness suppose that A n (X),Ã n (X) and B n (X),B n (X) are two pairs of polynomials in K[X] with degree n − 1 and
and, consequently,
and by the uniqueness A n (X) = B n (−X). To prove the existence of such polynomials A n (X) and B n (X) we proceed inductively on n 1. Let A 1 (X) = B 1 (X) = 1 and suppose we have already constructed polynomials A n−1 (X) and B n−1 (X) such that
Since the polynomial
vanishes at X = −1, we can define the polynomials A n (X) and B n (X) by
Consequently,
Observe that the polynomial P n (X) = 1 − B n (X)(1 − X) n is odd and coincides with the polynomial p(X) defined in [13, p. 494] . Since
so there exists a unique polynomial R n (X) of degree n − 1 with
which is related to the polynomial r(X) in [13, p. 494] by r(X) = R n (X 2 ). Moreover, the polynomial Q n (X) = A n (X)A n (−X) coincides with the polynomial q(X) defined in [13, p. 494] .
and we derive the recursive formula
From this also follows that
Hence, we get the recursive formula
From this one can deduce by induction that
The Main Results
Let again K be the field of real numbers R or the field of complex numbers C. 
is the coordinate ring of V then polynomial maps V → S n K are in one-to-one correspondence with maps
Clearly, the sets Idem n,r (R) and Idem n,r (C) are real and complex varieties, respectively and by virtue of Proposition 1.4 the set Idem n,r (H) is included into the complex variety Idem 2n,2r (C). Given a subset V ⊆ R
n , let V C ⊆ C n denote its Zariski closure in the affine space C n . By means of the identification presented in the previous section the Grassmannian G n,r (K) can be viewed as a real affine variety for K the field of real numbers R, the field of complex numbers C or the skew-field of quaternions H.
Let now n,r (K): Idem n,r (K) → G n,r (K) be the deformation retraction presented in Corollary 1.3 for K being the field of real numbers R, the complex numbers C or the skew-field of quaternions H. By means of Remark 1.6, and Step (2) the deformation retraction 2,1 (R):
However, it is easy to check that Remark 1.6 implies that 2,1 (C):
for any point (x 0 + ix 1 , y 0 + iy 1 , z 0 + iz 1 ) in the sphere S (
1) the deformation retraction n,r (R): Idem n,r (R) → G n,r (R) yields an injection between sets of homotopy classes
In particular, the deformation retraction 2,1 (R):
r (K) yields an injection between sets of homotopy classes
of appropriate polynomial and regular maps, respectively, for K being the field of the complex numbers C or the skew-field of quaternions H, n 1 and r n.
In particular, the deformation retraction 2,1 (K): 
Given a subset
Remark 2.3. If the inclusion map V → V C is a homotopy equivalence then:
(1) the deformation retraction
yields an injection between sets of homotopy classes
(2) the deformation retraction r (K):
of appropriate polynomial and regular maps, respectively, for K being the field of the complex numbers C or the skew-field of quaternions H.
In the light of [13] , the variety S n C can be viewed as the tangent bundle of the sphere S n . Consequently, the product S
Moreover, by means of Proposition 1.5 the product S
R in the affine space C n 1 +···+n k +k . Finally, we can state the following Corollary. COROLLARY 2.4. For any n 1 , . . . , n k 0, k, n 1 and r n, the deformation retraction n,r (K): Idem n,r (K) → G n,r (K) yields an injection between sets of homotopy classes
for K being the field of complex numbers or the skew-field of quaternions.
To present a list of complex-valued polynomial maps S 
Extend h to the complex-valued polynomial map (also denoted by h) h:
and consider the maph:
In the light of [13] the map m:
for (z, z n+1 ) in the variety S Observe that the map m :
for (z, z n+1 ) in C n+2 is determined by complex polynomials of degree 2d − 1 (also not homogeneous, however). Moreover, [13] , see also [7] 
with Brouwer and algebraic degrees n and 3n − 2, respectively, is given by
C , where A n denotes the polynomial considered in Proposition 1.7. Then 1 2
n is the corresponding idempotent matrix of rank 1 which determines, as it was shown in the proof of Proposition 1.2, the Hermitian and idempotent matrix
n of rank 1 as well. Finally, the associated regular mapF n :
n ,
for any point (x 0 , x 1 , x 2 ) in the sphere S 2 R . In particular, the regular mapF 2 :
R is associated to the polynomial map F 2 : S C → S C shown in [7] (with algebraic and Brouwer degrees 4 and 2, respectively) and given by for any point (x 0 , x 1 , x 2 ) in S 2 C and an integer n > 0. Then 1 2
n is the corresponding idempotent matrix of rank 1 which determines (again by means of Proposition 1.2) the Hermitian and idempotent matrix
n of rank 1 as well. Then the associated regular map of Brouwer degree nG n :
)/2 and the complex-valued polynomial map (with algebraic and Brouwer degrees 3 and 2, respectively)
Observe that the constant regular mapF 0 : 
Furthermore, the polynomial map G −n : S 2 C → S 2 C with Brouwer and algebraic degrees −n and 2n − 1, respectively, given by
for any point (x 0 , x 1 , x 2 ) in S In the light of [13] every element in π n (S n R ) can be represented by a complexvalued polynomial map of the variety S n C for all n 1. On the other hand, by [3, 5] every element in π n (S n R ) can be also represented by a real-valued regular map of the sphere S n R for all n 1. By [13] any continuous map S By virtue of [12] , every Brouwer degree on an odd-dimensional sphere S n R can be realized by a homogeneous integral polynomial map. This raises a question stated in [13] Remark 2.7. Refining our methods above and viewing the quotient space of S n C (identifying its antipodal points) as the tangent bundle of RP n we can also show that Brouwer degree of a homogeneous complex-valued polynomial map f : S n C → S n C of degree k > 0 is an odd integer or zero provided that n is an even positive integer.
